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Abstract 

The first year Wilkinson Microwave Anisotropy Probe data favors primordial adiabatic fluctu- 
ation with a running spectral index with > 1 on a large scale and < 1 on a smaller scale. 
The model building of inflation that predicts perturbations with such a spectrum is a challenge, 
because most models predict fluctuations with either n<j > 1 (hybrid inflation) or < 1 (new, 
chaotic, or topological inflation). We give a sensible particle physics model in supergravity that 
accommodates the desired running of the spectral index using double inflation. 

PACS numbers: 98.80. Cq,04.65.+e,11.27.+d RESCEU-10/03, BROWN-HET-1352, OU-TAP-202 
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I. INTRODUCTION 



The first year data release of the Wilkinson Microwave Anisotropy Probe (WMAP) has 
opened a new era of high-precision cosmology 1]. It has not only confirmed the "concor- 
dance" values of the cosmological parameters with much smaller uncertainties than before 
but also extracted important information on the primordial spectrum of density perturba- 
tions It has been reported that [3] their result favors purely adiabatic fiuctuations with 
a remarkable feature that the spectral index runs from > 1 on a large scale to < 1 on 
a smaller scale. More specifically they obtain Ug = and dus/dlnk = — 0.042]1;o;q2o 

on the scale ko = 0.002 Mpc"\ 

It is not straightforward to make a model of infiation that predicts perturbations 
with such a spectrum. In a single-field slow-roll infiation model with a potential V[(j)], the 
amplitude of curvature perturbation in the comoving gauge 71 Q generated on the comoving 
scale r = 27r/A; is given by 

i^^M, H^u).mi^, (1) 



where tk is the epoch k mode left the Hubble radius during infiation f6|. The spectral index 
is defined and given by 

• dink " ^ '• 2 [vl4,]) • '- V14,] ■ ^ ' 



We also find 



- IGeri - 24e2 - 2^, ^ = Z n^ ■ (3) 



dink ' S, S O 

From Eqs. (j2I) we find that 1] or the effective mass of the infiaton (p must change significantly 
to achieve running of the spectral index from Ug > 1 to Ug < 1} Here Mq = 2.4 x lO^^GeV 
is the reduced Planck mass. Hereafter we take Mq = 1. 

One possibility to realize such a spectral feature is a hybrid infiation model of Linde and 
Riotto, in which supergravity effect becomes dominant in the early stase of inflation and 
one-loop effect plays an important role in the flnal stage of inflation |2|. Unfortunately, 
however, although the spectral index crosses unity in this model, its variation is too mild to 
reproduce the WMAP result for a sensible set of model parameters.^ This is mainly because 
the Yukawa coupling constant must be relatively small for sufficient inflation as we argue 
below. 

In order to circumvent this problem we consider a double inflation model combining 
hybrid inflation and new inflation 11 1 in supergravity. In our model the flrst stage 



of hybrid inflation proceeds in the same way as the Linde- Riotto model 0|, which is a 
supergravity version of a supersymmetric model [l^, 113 ) the desired spectrum with 
a running index from > 1 to < 1 is generated then. At the same time the initial 



^ Recently, Feng et al. discussed an inflation model in the context of an extra dimension and showed that 

a large variation of spectral index can be realized Q . 
^ Recently, Kyae and Shafi discussed hybrid inflation in four- and five- dimensional grand unified theories. 

But it is shown that the running of the spectral index is too mild also in this model 9]. 
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condition for subsequent new inflation is naturally prepared |145, which continues about 40 
e-folds to expand the comoving scale with the desired spectral shape of density fluctuation 
to larger scales observable with WMAP. Furthermore, new inflation predicts sufficiently a 
low reheating temperature to avoid overproduction of gravitinos. 

The rest of the paper is organized as follows. In Sec. II we review the supergravity hybrid 
inflation model of Linde and Riotto and argue its difficulty to realize a significantly large 
running of the spectral index on scales probed by WMAP. Then in Sec. Ill we introduce 
our double inflation model which was originally proposed in 14] and utilized to realize the 
formation of primordial black holes or to flt observations of large-scale structure jl6l |. 
Section IV is devoted to a discussion and future outlook. 



II. HYBRID INFLATION IN SUPERGRAVITY 

Here we flrst review the supergravity hybrid inflation model of Linde and Riotto |7| . The 
superpotential is given by 

Wh = A5"^^ - fi^S, (4) 

where S" is a gauge-singlet superfield, while \1/ and \l/ are a conjugate pair of superfields 
transforming as nontrivial representations of some gauge group, and A and fi are positive 
parameters much smaller than unity. This system respects the R symmetry under which 



they are transformed as S 



-2ia 



^, and Wh 



The i?-invariant Kahler potential is given by 



(5) 



Here, for simplicity, we have neglected higher-order terms, which make the calculation com- 
plicated but do not change the essential result. 

The potential of scalar components of the superfields Zi in supergravity is given by 



V 



dzidz* 



D,WD,*W* -3\Wr} +Vi 



D, 



with 



= ^ + —W. 



(6) 



(7) 



dzi dzi 

Here the scalar components of the superfields are denoted by the same symbols as the 
corresponding superfields, and Vd represents the D-term contribution. From Eqs. Q and 
(0) we explicitly find 



A(i + i^r)^ - 11^^* + A(i + i^r)^ - 



+ Vdh. (8) 



Since the above potential does not depend on the phase of the complex scalar field S, we 
identify its real part, a = KeS/ \/2, with the infiaton. Composing the mass matrix of \l/ and 
from Eq. (jHJ, we find that the eigenvalues and the corresponding eigenstates are given by 



Ml = X^\S\'±Xfi' 



for = =F\1/, 



(9) 
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where we have assumed A S> /i. Since these eigenstates are along D-Hat directions, the 
scalar fields will eventually start to roll, keeping \E'* = \E', as o" becomes smaller than the 
critical value cxc = \/2^/^/X. 

Then under the condition = the potential reduces to a familiar form of the typical 
hybrid infiation potential: 

Vh = - fi')' + AV^lM/p + L V + ■ ■ ■ . (10) 

o 

For a > ac, the potential is minimized at \E' = = and infiation is driven by the false 
vacuum energy density fi^. 

As a result of the mass split of scalar multiplets composed by \& and with mass squared 
and their superpartner fermions with mass M = Xa/^/2, the radiative correction to the 
potential is non-negligible during infiation. The one-loop correction reads 



1287r2 



(Aa^ + 2f^r In ^^!±^ + (Aa^ - 2^,^ In - 2A In 



^(11) 

where A is the renormalization scale. When a ^ ac it is approximated as 

l'l.-|^?ln^. (12) 

As a result the effective potential of the inflaton a during hybrid inflation reads 

V^„M-/(l-.|,l.^-.i.'H-). (13) 

As long as the fleld amplitude is sub-Planck scale or smaller than unity, the effective 
potential is dominated by the false vacuum energy. Comparing the derivative of the second 
term of the right-hand side and that of the last term, we flnd that the dynamics of the 



scalar fleld is dominated by the nonrenormalizable term for a > yA/(27r) = ad and by the 
radiative correction for a < aa- Since we are assuming /i -C A <^ 1, we flnd cTc -C 0"^ -C 1. 
In this situation, the number of e-folds of exponential expansion during inflation, Nh, is 
sensitive only to a^ and given by 

^H= / T^da= / —da+ / —ada = —, (14) 



Vlj[a] J a, a^ J a. A2 A 

where cxj is the initial value at the onset of hybrid inflation. Although the approximate 
expression for the one-loop potential ()12|) is valid only for a ^ o"c, the fact that the resultant 
expression of Nh is independent of o"c implies that the above formula ()14|) gives a reasonable 
approximation for the actual number of e-folds. We also note that the amount of inflation 
during a > aa and that during a < a^ are about the same with the e-folds ~ 27r/A. Thus 
in order to achieve sufficiently long inflation to solve the horizon and the flatness problems, 
Nh > 60, A should be rather small: A < 47r/60 ~ 0.2. 

Calculating the slow-roll parameters e, r], and C, for the potential (fT^ . we find 



f = . (15) 
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for a ~ (Td in dimensionful units, so that the spectral index of scalar perturbation and its 
variation are given by 



Us -I = -6e + 2T] = 2r] = 3a^ - ^, (16) 



-i|^^16«,-24.^-2e.-2«^-(^.4.J + 3.'). (17) 

As is seen here, this model has the desired feature of the running spectral index toward 
smaller values for decreasing length scales qualitatively. The spectral index crosses unity 
at cr = ad/'i^^^ ~ 0.8(7^. In order that this happens on the observable scales by WMAP 
and large-scale structures, one should have about 50 e-folds of inflation after cr crossed this 
value, which requires A ~ 0.1 from Eq. (jl4j) . As a result, we find that the amplitude of 
spectral running is too small: 

Conversely, this quantity could be larger and match observation if we adopted a larger 
value of the coupling constant A. Indeed from Eqs. fll6p and (fT7|) we find 



2 



cr 



n., — 1 1 dn., 4cr^ 



+ 777 7T^^ + 



2(ns — 1) dink — 1 



(20) 



where cr is the field amplitude when the relevant scale left the Hubble radius during hybrid in- 
flation. Using the central values obtained by WMAP on a comoving scale, fco = 0.002 Mpc~^, 
- 1 = 0.1 and dus/dlnk = -0.042, we find = 0.27 or A = 0.47 and a = 0.25 = 0.91crrf. 
This means that the e-folds of hybrid inflation after the comoving scale with the observed 
spectral shape has crossed the Hubble radius is only about 11.3. Hence we must invoke an- 
other inflation to push the relevant scale to the scale /cq = 0.002 Mpc~^. If this is achieved, 
we can find the energy scale of hybrid inflation from the amplitude of curvature fluctuation 
at 0- = 0.25, 

2/4 \ ~^ 

n{ko) = -^i^ + a'] = 4.9/^2 ^ 4.8 X 10~^ (21) 
V37r \cr J 

corresponding to A = 0.77 of We therefore find /i = 3.1 x 10"^ = 7.5 x lO^^GeV. 

Although we have taken the central values obtained by WMAP, the — 1 and dug/dhik 
are determined with rather large uncertainties. For example, if we take dug/dhik = —0.021 
corresponding to 68% probability lower bound, we obtain aa = 0.22(A = 0.30, a = 0.95crrf), 
which changes the e-folds of the hybrid inflation from 11.3 to 19.9. Thus, we should take 
ANh ~ 8 as the uncertainty of e-folds of hybrid inflation. 

Note also that the two contributions from the supergravity effect and the one-loop cor- 
rection are dealt with separately in the above analytic estimate. However, of course, both 
contributions should be considered simultaneously. So we have calculated the fluctuations 
numerically. Then, we have found that the best-fit parameters to reproduce the WMAP 
results are slightly changed and given by = 2.9 x 10~^ = 7.2 x 10^^ GeV, A = 0.43. The 
results are shown in Figs. In this case, the e-folds of hybrid inflation after the comoving 
scale with the observed spectral shape has crossed the Hubble radius is only about 10.3. 
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III. HYBRID NEW INFLATION 



In order to push the scales with the desired spectral shape of density fluctuations to cos- 
mologically observable scales, we consider new inflation which occurs after hybrid inflation 
discussed above. One should notice that, generally speaking, hybrid inflation predicts a 
high reheating temperature because the inflaton has gauge couplings and its energy scale is 
relatively high usually. On the other hand, new inflation predicts a sufficiently low reheating 
temperature to avoid overproduction of gravitinos. Thus, the occurrence of new inflation 
following hybrid inflation is favorable also in this respect. Furthermore, in our model, the 
initial value of new inflation is dynamically set during hybrid inflation, which evades the se- 
vere initial value problem of new inflation. In this section, we first review the superpotential 
and Kahler potential for the new inflation sector and its dynamics p3], and then combine 
these two inflation by considering full superpotential. 

We introduce a chiral superfield $ with an R charge 2/(n + 1), but assume that the 
U(l)i{ symmetry is dynamically broken to a discrete r symmetry at a scale f -C 1. The 
superpotential of this sector therefore reads 



9 



n 



n+1 



(22) 



with g being a coupling constant of order of unity. We assume that both g and v are real 
and positive for simplicity. The i?-invariant Kahler potential is given by 



K 



^ = |$|2 + |[|$|4 + . 



(23) 



where cn is a constant smaller than unity. We assume that there are no direct interactions 
between fields relevant to hybrid inflation discussed in the previous section and $. Hence 
the full superpotential and Kahler potential read W = Wh + Wn and K = Kh + K^, 
respectively. 

Before performing the full analysis we review how new inflation proceeds in this model. 
The scalar potential given from Eqs. ()22|) and ()23p reads 



exp ( $ 


2 + 


CM 
4 


1$ 




1 + Civ|<l>| 


2 



X 



1 + |$|2 + ^|$ 



-3 (l + cjv|$P) |$| 



1 + ^^+ ' ' 



n + 1 

2' 



n + 1 



2(n+ 1) 



9^' 



(24) 



It has a minimum at 



|$| . 

P"^ mm — 
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and Im<l>[Jji„ = 0, 



with a negative energy density 

Viv[<fmm] = -3e^^|iy^[<l>^in]|' = 



-3 



n 



n + 1 



(25) 



(26) 
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Assuming that this negative value is canceled by a positive contribution due to supersym- 
metry breaking, Ag^gy, we can relate energy scale of this model with the gravitino mass 

m3/2 as 

Without loss of generality we may identify the real part of $ with the infiaton cf) = 
Re$/\/2. The dynamics of infiaton is governed by the lower-order potential 

vn[<p] = v^- f .v^ - ^yr + '^r. (28) 

Since the last term is negligible during inflation and the Hubble parameter is dominated by 
the first term, H = j a/3, the slow-roll equation of motion reads 

m'<\) = -Vl^[(f)] = -CNV^cf) - 2^n^i;V""\ (29) 
and the slow-roll parameters are given by 
1 



CAr0 + 2 2 ng—^\ , ri = -CN-2 2 n{n - l)g — (30) 



2 \ j V 

in this new inflation regime. Thus inflation is realized with ctv <C 1 and ends at 



2\ 



\ gn[n -I) j 

when |?7| becomes as large as unity. 

Since the two terms on the right-hand side of Eq. are identical at 



(31) 



1 

2\ — 



0=y2p^) =0„ (32) 
the number of e-folds of new inflation is estimated as 

Nn = - T7rwd(f)= — -+/ — —d(f) = — In— + - — -, 33 

for < Cat < n^^. If cat vanishes, we instead find 

2 2 t;^ 2 2 -u^ 72 - 1 

Here (pi is the initial value of 0, whose determination mechanism we now argue. 

In the hybrid inflation stage cr > Cc, the cosmic energy density is dominated by the false 
vacuum energy /i^ with \1/ = \1/ = 0. Hence, in the full scalar potential, which is obtained by 
the prescription © with K = Kh + K^q and W = Wh + Wn, the interaction terms between 
$ and the hybrid inflation sector are given by 

V D /|$|' + /iV($*^ + ^S*) + ■■■ = + x') + + ■ ■ ■ , (35) 
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where (j) = Re$/v^ and x = Ini$/-\/2- Hence at the end of hybrid inflation, a = ac, (p and 
X have a minimum at 



f2 2v^ 

^mm = ^'^c = -\h-— and Xmin = 0, (36) 



yU^ V A /i 

respectively. Since the effective mass is larger than the Hubble parameter during hybrid 
inflation, the above configuration is realized with the dispersion 

(37) 

due to quantum fluctuations Here (p will eventually relax to this minimum during 

hybrid inflation. The ratio of quantum fluctuation to the expectation value should satisfy 



4^371 \v 



/i < 1, (38) 



so that the initial value of the inflaton for new inflation is located off the origin with an 
appropriate magnitude. 

When a reaches cTc, a phase transition takes place and hybrid inflation ends immediately, 
which is followed by field oscillation of S and \E'(\E') and their decay. If this oscillation phase 
lasts for a prolonged period due to gravitationally suppressed interactions of these fields, 
will also oscillate and its amplitude decreases with an extra factor v/fx jlH. In this case, 
new inflation could start with a even smaller value of (p depending on its phase of oscillation 
at the onset of inflation (see for an analytic estimate of the initial phase). So we set the 
initial value of (p as 

% 

and new inflation occurs until cp = (pe with the potential (j2Hl)- Thus we can understand the 
evolution of the universe throughout double inflation. 

Contrary to the hybrid inflation regime we do not have much precise observational con- 
straints on the new inflation regime, so we cannot fully specify values of the model parame- 
ters for new inflation. Hence let us content ourselves with a few specific examples. First we 
consider the cases with cjv = 0. Then from Eq. ()34|) the number of e-folds of new inflation 
reads 

^11^ 2n-4 8-3n ^li^ 2n-4 8-3n 

'_ ^ '_ (40) 

n{n — 2)g n — 2 n{n — 2)g 

This should be around 40 + (2/3) ln(/i/f ) to push the comoving scale with appropriate 
spectral shape to the appropriate physical length scale. On the other hand, the amplitude 
of curvature perturbation at the onset of new inflation, cp = (pmin, is given by 

n = = ^VX,^N, ^ 4.9 X 10-(. - 2)^^, (41) 



^ Comoving scales that left the Hubble radius in the late stage of hybrid inflation reenter the horizon 
before the beginning of the new inflation. Hence extra e-folds (2/3) ln{fj,/v) should be added in making a 
correspondence between comoving horizon scales during hybrid inflation and proper scales |15j. 
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where use has been made of the values A = 0.43 and fi = 2.9 x 10 ^ in the last equality. 
From Eq. ()40p we find 



4 (9Nn 



4 



V = 5.5x 10"^ ' for = 4, 

u = 4.0 X 10-=^ (^) ' for n = 6, (42) 

,-3 fg^NV^ 



V = 6.7x IQ-^ [^^) ' for ^ = 8- (43) 

Thus V is larger than n for (7 < 1 and > 6 in contradiction to our assumption that new 
inflation takes place after hybrid inflation at lower energy scale. For n = 4 we find that 
V is smaller than /i for (7 < 1 but it can be close to for (7 < 10^'^. In this case, 71 is as 
large as 0.01 at the onset of new inflation which corresponds to the comoving scale ~ 100 
kpc today. As g increases from 10~^, TZ and increase. For g = 1, we find TZ ~ 0.05 and 
~ 300 kpc. 

On the other hand, for cn 7^ 0, we find 

7^=-^§^^1.2xlO-V^, (44) 

at the onset of new inflation. It is independent on n and g, and is again much larger than 
10~^. The number of e-folds depends on these parameters, and for n = 4 we find 

Thus if we take cjv = 0.1, for example, Njm = 40 implies v = 1.5xl0~^g~i , which corresponds 
to the comoving scale ~ 720g^^^ kpc at the onset of new inflation. 



IV. DISCUSSION 

In the present paper we have built up a model of double inflation to reproduce a spectrum 
of adiabatic fluctuations with a running spectral index from ra^ > 1 on large scales to rig < 1 
on smaller scales as favored by the recent observational result of the WMAP satellite. Such 
a spectrum has been known to be realized by the hybrid inflation model in supergravity 
proposed by Linde and Riotto but we have argued that in their model running of spectral 
index is too mild to be comparable with the observation. In order to cure this problem we 
have shown that another inflation is necessary after hybrid inflation and presented a specific 
model to realize new inflation naturally after hybrid inflation which was originally proposed 
in jl3|. By carefully analyzing the spectrum of fluctuations we have shown that under some 
natural choice of model parameters the desired spectrum can be realized. In particular, 
model parameters of hybrid inflation are fully specified from the spectral shape and we find 
that the energy scale of first inflation is fairly large, fi = 2.9 x 10^^, which means that 
tensor fluctuations can be detected by PLANCK. On the other hand, it has been pointed 
out that hybrid inflation has a problem of initial conditions [l8| : namely, only a very limited 
configurations of multi-field space can lead to hybrid infiation unlike chaotic infiation. The 
resolution of this problem in the present context will be published elsewhere jl9j . 
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A generic prediction of our double inflation model is that the amplitude of the adiabatic 
fluctuations is quite large below the scale corresponding to the horizon at the onset of new 
inflation (< This results in the early formation of dark halo objects with comoving scale 

If is larger than about 1 kpc, the dark halos may cause a cosmological problem because 
they signiflcantly harm subsequent galaxy formation or produce too many gravitational 
lens events. Our model predicts the critical scale ^ 100 kpc which leads to the above 
cosmological problem. However, the critical scale can be taken much smaller when the 
uncertainty of the WMAP data is taken into account. As discussed in Sec. II, the WMAP 
data imply that the uncertainty of the e-folds for hybrid inflation is ANh ~ 8. Taking a 
little larger e-folds Nh — 15 gives < 1 kpc, and hence the problem can be avoided. For 
this case, the predicted small dark halos may play an important role in galaxy formation 
and early star formation as inferred by WMAP 0. This subject is beyond the scope of the 
present paper and will be investigated elsewhere. Another prediction of our model is that 
contrary to the case of single hybrid inflation, the reheating temperature is low enough to 
avoid the gravitino problem. 
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FIG. 2: The spectral index Ug during hybrid inflation is shown with the same parameters. 
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FIG. 3: The derivative of the spectral index dng/dlnk during hybrid inflation is shown with the 
same parameters. 
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